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In mechanics we study any system with respect to a reference frame which is inertial in nature,
inertial frames. The physical laws of inertia holds true in such frames. In Newtonian mechanics,
space and time are completely separable and the transformation connecting the space-time coor-
dinate of a particle are Galilean transformation. This transformation is valid as far Newtonian’s
laws are concerned. However in electrodynamics- where fields are described by Maxwell’s equations-
the fields propagate with the speed of light. This speed of light in vacuum is constant in nature.
Maxwell’s equations are not covariant to Galilean transformations and was a main factor in real-
ization of the need for a new theory. Later it was established, before advent of theory of relativity,
by Lorentz that the complete set of electromagnetic equations are covariant with Lorentz transfor-
mations. Later the Special Theory of Rlativity was developed by Einstein based on essentially two
postulates.

Postulates of Special theory of Relativity:

1. The principle of the constancy of the velocity of light: the velocity of light in empty space is
the same in all inertial frames and is independent of the motion of the emitting body.

2. The principle of relativity: the laws of physics are the same in all inertial frames. No preferred
inertial frame exists.

Lorentz transformation

The transformation relation between two inertial frames S and S′ (moving with speed v relative to
S along +ve x− axis) are

Lorentz transformation Inverse Lorentz transformation

x′ = γ(x− vt) x = γ(x′ + vt′)

y′ = y y = y′

z′ = z z = z′

t′ = γ(t− v/c2x) t = γ(t′ + v/c2x′)

with γ = 1/
√

(1− v2/c2). If define a quantity β = v/c the transformation equations are

Lorentz transformation Inverse Lorentz transformation

x′ = γ(x− β ct) x = γ(x′ + β ct′)

y′ = y y = y′

z′ = z z = z′

ct′ = γ(ct− βx) ct = γ(ct′ + βx′)

this can again be written in matrix form as


ct′

x′

y′

z′

 =


γ −γβ 0 0
−γβ γ 0 0

0 0 1 0
0 0 0 1



ct
x
y
z

 and


ct
x
y
z

 =


γ γβ 0 0
γβ γ 0 0
0 0 1 0
0 0 0 1



ct′

x′

y′

z′


Thus the space and time coordinates depends on each other in relativistic mechanics. Time is

not absolute.
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Minkowaski Space

In 1907, Hermann Minkowski proposed that the three dimensions of space and the dimension of
time should be treated together as four dimensions of space–time. He called the four dimensions
of space–time “the world space” (also known as the Minkowski space). General construction of
space-time diagram- we measure space (distance) part in horizontal direction (normally represented
by x axis) and time component in vertical direction Figure 1 with following:
• an event is a point in a space–time diagram.
• the path (sequence of events) of an individual particle is a “world line” .
• Path or world line A: represents stationary particle.
• Path or world line B: a particle moving with constant velocity.
• Path or world line C: an accelerating particle (starting from rest).

Figure 1: In the Minkowski space, the path of an individual particle is a world line.

The coordinates of an event (x, y, z, ct) can be considered as the components of a four-dimensional
radius vector, or a radius four-vector (for short) in a four-dimensional Minkowski space. The square
of the length of the radius four-vector for any event is

s2 = (ct)2 − (x2 + y2 + z2)

The square of infinitesimal distance between two points or events in Minkowaski space is

ds2 = c2(time interval)2 − (space interval)2

The choice of −ve sign is intrinsic to the theory as c is always greater than particle velocity v.
Considering two events in space-time at point (t, x, y, z) and (t+ dt, x+ dx, y+ dy, z+ dz) then

the interval between the events in Minkowaski space is

ds2 = c2dt2 − (dx2 + dy2 + dz2) . . . (1)

The interval is an invariant quantity i.e. it has same value in all the inertial frames. If S and
S′ are two inertial frames then

ds2 = ds′2 . . . (2)
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where coordinates of S and S′ frames are related by Lorentz transformation.[Prove equation (2)].
We may classify the events into three types using invariant interval is positive, negative or zero:

(1) ds2 > 0: Time-like event with respect to origin. They may be of the class containing those
with x = 0 and t 6= 0, which just changes in time. These events are causally connected.

(2) ds2 < 0: space-like event with respect to origin, includes events x 6== 0 and t = 0, which
is just spatially separated but simultaneous with an event at the origin of space–time.

(3) ds2 = 0: null-like or light-like event with respect to origin.

This division of space–time into three regions is shown in Figure 2.

Figure 2: Space–time diagram of a three-dimensional world, showing the light cone.

Motion is restricted to the wedge shaped region bounded by the 45o line -light cone. Forward
wedge (Future) - is locus of all the points accessible to you. Backward (wedge) light cone (Past) -
locus of all the points from which you might have come. Rest of the region is generalized ’present’.
You can not get there and you did not come from there. In fact there is no way you can influence
any event in the present (in Minkowaski space-time).

The displacement between causally related event is always time like and their ordering is same
for all inertial observers.

Proper time

Consider a particle moving with velocity u in an arbitrary direction in a given inertial frame S. Its
motion between two spatial points can be described by interval

ds2 = c2dt2−(dx2+dy2+dz2) = c2dt2−((dx/dt)2dt2+(dy/dt)2dt2+(dz/dt)2dt2) = c2dt2−(u2x dt
2+u2y dt

2+u2z dt
2)

ds2 = c2dt2
(

1− u2

c2

)
ds = cdt

(
1− u2

c2

)1/2
= c

dt

γu
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where γu =
(

1− u2

c2

)−1/2
is Lorentz factor associated with the particle. Let us define the proper

time (interval) in the inertial frame (S′) in which particle is at rest dx = dy = dz = 0 (so, S′)

ds′2 = c2dτ2 or dτ =
ds′

c

Now ds′ = ds, interval is invariant hence proper time dτ = ds′

c = ds
c

dτ =
dt

γu
. . . (3)
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